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We discuss the asymptotic structure of null infinity in five dimensional space-times. Since it is 
known that the conformal infinity is not useful for odd higher dimensions, we shall employ the 
coordinate based method such as the Bondi coordinate first introduced in four dimensions. Then 
we will define the null infinity and identify the asymptotic symmetry. We will also derive the Bondi 
mass expression and show its conservation law. 

' PACS numbers: 

o . 

CN ■ I. INTRODUCTION 

C ; 

^ \ Inspired by superstring theory, fundamental studies of higher dimensional space-time is important. One issue 
' ' is the asymptotic structure at null infinity. We often introduce the conformal infinity to discuss the asymptotic 
' structure at infinities in four dimensions jl!, l3| . Therein the space-time is compactified by conformal transformation 
' . and embedded into another space-time. For example, Minkowski space-time is conformally embedded into the Einstein 
static universe. Conformally embedded space-time has two different infinities, i.e., spatial infinity and null infinity. 
O In higher dimensional space-times, the asymptotic structure at spatial infinity can be well-defined. The asymptotic 
symmetry is identified with the Poincare group and conserved quantities associated with the symmetry are constructed 

On the other hand, the asymptotic structure at null infinity is not completely understood in higher dimensional 
■ space-times 0-13 • Indeed, the definition of null infinity is given only in even dimensions [1, [3|- As seen later, the 
^SJ ' difficulty in defining null infinity as compared to spatial infinity is due to the presence of the gravitational waves at 
^ ' null infinity. Since there are no gravitational waves at spatial infinity, the asymptotic structure is "stationary" and the 
, total mass and total angular momentum are conserved. On the other hand, the asymptotic structure at null infinity 
• might be disturbed by gravitational waves. Hence, we need a stable definition of null infinity against gravitational 
waves. We can give such a definition in even dimensions if we use a conformal embedding method. But we cannot 
do this in odd dimensional space-times because we cannot show the smoothness of the Einstein equations at null 
0^ ' infinity. This non-smoothness would be related to the facts that in the conformal embedding method we introduce 
the conformal factor ~ l/r, and the behavior of gravitational waves near null infinity are of the order 0(17('^-2)/2) 
in d dimensional space-times. The problem comes from the half-integer power of £7. From this smoothness only, 
however, we cannot show that the boundary conditions at null infinity for asymptotic flatness in the papers fsl-lTj are 
the marginal and weakest conditions which allow gravitational waves at null inflnity to exist. To find such marginal 
conditions, which the boundary conditions should be so, we must solve the Einstein equations near null infinity and 
; ^ • clarify the freedom of gravitational waves. 

I In this paper, we define null infinity in five dimensional space-time. We do not use the conformal embedding method, 
but instead we use the Bondi coordinate to define null infinity, which was introduced firstly by Bondi and Sachs in 
four dimensions The rest of this paper is organized as follows. In section 2, we introduce the Bondi coordinate 

in five dimensions. In section 3, we define the asymptotic flatness at null infinity in five dimensions and show the 
robustness of the definition against gravitational waves by solving Einstein equations. In this section, we define the 
Bondi mass, and obtain the mass loss law in five dimensions. In section 4, we discuss the asymptotic symmetry at 
null infinity associated with the asymptotic flatness defined in section 3. We show that there are no supertranslations 
in five dimensions unlike in four dimensions. Finally, in section 5, we give a discussion and summary. 



II. BONDI COORDINATE IN FIVE DIMENSIONS 



We consider five dimensional space-time. We introduce the Bondi coordinate to define asymptotic flatness at null 
infinity. Suppose there is a function u{x°') which satisfies the equation 



W.aU.&S"'' = 0, (1) 
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where Latin indices run from to 4 and u_q = du/dx"'. Then u = constant surfaces are null hypersurfaces, and we 
use this function u as retarded time to construct a coordinate system. Let 9, (j), ip be angular coordinates, which 
are constant along gradient u. The period of each of these coordinates are taken to be tt, 2tt, 2tt, respectively. For 
convenience, we introduce the notation (0, (/>,?/') = x^, where capital Latin indices run from 2 to 4. Now we define 
the function r by the equation 

sin^ 6* cos^ 6* = dct{gAB)- (2) 
Using these coordinates (we call them the Bondi coordinates) 



X 



° - w, = r , a;2 = 61, a;^ = </), = V, (3) 



we can write down metrics as 

ds^ = -{Ve^/r^)du^ - 2e^dudr + r^hAsidx^ + U'^du){dx^ + U^du), (4) 

where 

(6*^1 sin 9 sinh Di cos 9 sinh D2 

sin^sinhDi e'~^^ s\v? 9 sin cos sinh D3 ] . (5) 
cos 9 sinh D2 sin 9 cos 9 sinh Z?3 e*^^ cos^ 9 

In the above, V, -B, hAB, U^, Ci, C2, C3, Di, D2 and are functions of u, r and x"^. In this coordinate, null infinity 
is represented by r — >■ cx). 

From Eq. we have a relation between Ci, C2, C3, Di, and D3 as 

^ 1 + sinh^ 152 + e*^! sinh^ D3 - 2 sinh Z?! sinh £'2 sinh D3 

e = (6) 

eCi+C2 -sinh^Di ' ^ ' 

As we will realize later, these five independent functions Ci, C2, -Di, -D2 and D3 correspond to the degrees of freedom 
of gravitational waves in five dimensional space-times. 



III. EINSTEIN EQUATION AT NULL INFINITY 



As stated in the introduction, the definition of null infinity should be not disturbed by gravitational waves. The 
robustness of the null infinity definition implies that the boundary conditions imposed on the metric Q should be 
compatible with Einstein equations. Hence, in order to define asymptotic structure at null infinity and show the 
robustness of this definition, we should specify the proper boundary conditions by solving Einstein equations in the 
Bondi coordinate. 



A. Vacuum Einstein equations 



Since equations are very complicated, we will not write down explicit forms here. We will show the equations in 
a symbolic way in order to see only the essential structure of equations. See Appendix A for some details of the 
equations which will be used. 

From ~ 0, we have 



dB _ dC^ 
dr dr ' 

where C stands for Ci, C2, £>i, D2 and Dr^. From R^a — 0, 

or \ or 

The trace and traceless part of Rab = implies 

d 



(7) 



+ •••) (8) 



^^(r'e-^l/)=ry(C,t/^) (9) 
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and 

92 



dudr 



C = (5(C,C/^), (10) 



where r] and 5 are some functions of C and U^. 

Since we integrate the equations with respect to r in solving the evolution equations, some integration functions 
f{u,x^) appear. Constraint equations describe the evolution of such functions. 

In the Bondi coordinates, after integrating the other equations, we can show that the equation R^r = would be 
satisfied trivially. 

The evolution equations Ruu = and RuA = have the following form 



dV 

r^{C^ + ...) + r^{C + C^ + ■■■) (11) 



du 
and 

^dU^ _ dC ^^2) 
du du ' 

respectively. 

If C is given on initial surface u — uq, we can determine the metric function B, U^,V from Eqs. (O, ^ and © 
except for integration functions. The evolution of C and integration functions are described by Eqs. (jlOp . (jlip and 

m- 

As seen later, the functions C = {Ci,C2, Di, D2, D3) will be identified with the freedom of gravitational waves, 
and Eq. (jlip will govern the evolution of their total mass. Thus, to obtain a stable definition of null infinity, we 
should determine the asymptotic behavior of the function C. Then, using Eqs. (O, ([8]) and ([9]), we can obtain the 
asymptotic behavior of B, U^, V, and the robustness against gravitational waves of these boundary conditions would 
be guaranteed by the evolution equation ([TT|) and Eq. ((T^ . 



B. Asymptotic behavior of gravitational fields 

From now on, we will write down all equations explicitly. When functions C corresponds to gravitational waves, 
C behaves as ~ l/r^/^ near null infinity. This can been seen from the solutions to the wave equation and/or the 
finiteness of the gravitational fiux at null infinity. Therefore, we assume the behavior of Ci, C2, C3, Di, D2 and D3 
near null infinity such that 

C,iu,r,x^) = ^ll^J^ + Oil/r') (13) 
C2iu,r,x^) = ^21^j^ + Oiiy) (14) 
C,iu,r,x^) = ^^i^ + Oil/r') (15) 
D^iu,r,x^) = :^ii%l^ + 0(l/r2) (16) 



D2{u,r,x^)^^^l^ + 0{iy) (17) 

Ds{u,r,x^) = £B^J^ + 0{llr\ (18) 
As noted around Eq. (j6]), C31 can be written as 

C31 = -(Cn+C2i). (19) 

Then, from Eq. ([7]), we see 

B = Bi/r^ + 0{r-'"^) (20) 
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near null infinity, and we obtain a relation 

_ (^11 ' ' ' "11 ' ' "ai^ (21) 

Furthermore, integrating Eqs. ([8]), we have the relations 



and 



2(Ciicot6' - C21 cot 6* - 2Cii tan 6* - C21 tan^ + Cn g + ^csc^ + D21 v-sec^) 
Uei = g ■ '■ ■ , (22) 

. ^ 2(2i:)iicot6i-i:)iitan6i + Dii,e + C2i,0Csc6i + D3i,0sec6') 
J/^i sm 6* = --^ (23) 



2(£)2iC0t6l-2D2itan6' + £»2i,e + £'3i,,^csc6l-(Cii,^ + C2i,v,)sec6') 
(7^01 cosy = — — — , (24) 



where Uai are coefficients of the expansions defined as 

L 

^5/2 



[/■4 = % + 0(l/r3). (25) 



Then, from Eq. ([9]), we find 

F = + Vi(u, x^y^ - M(u, x^) + 0(r-i/2), (26) 

where 

^ -\ {^-^ — -(L/eisin6'cos6'),e + t/0i.0 + i7^i,0) (27) 
3 \sm6'cos6' / 

and M{u,x^) is an integration constant. 

In Eq. (fTO)) . Cii^u, C2i,ti, -Dii^tj, 1)21, u and -Dai^u do not appear and then this means that we can fix them freely as 
initial conditions. These freedom correspond to the degree of freedom of gravitational waves in five dimensions. 

Finally, from Eq. pT|) . we obtain the following formula 

^M^^l^ ^ -I (^(Cu,„)^ + Cu,„C2i,„ + (C2i,„)2 + {D,,,^f + {D,,.^f + {D,,,,Y^ 

= -\ (^Cii.u + C21,n/2)2 + 3(C2l)V4 + (^11,0' + {D2l,uf + (i?31.«)'^ ■ (28) 

Eq. (|28l) represents mass loss rate by gravitational waves, and total mass always decreases as in four dimensions. Then 
M{u, x^) describes the mass in u — constant surfaces. 

C. Boundary conditions 

As shown in the previous subsection, in the presence of gravitational waves, asymptotic behaviors of metric ^ in 
leading order should be 

V = r^ + Viiu^x'^y^ - M{u, x"^) + 0(l/ri/2) (29) 
B = ^l^ + Oiiy) (30) 

f/^ = ^^^^+0(lA^) (31) 
C = ^i^ + 0(l/r^)- (32) 
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In four dimensions, boundary conditions at null infinity for asymptotic flatness are determined by these leading 
behavior. As shown below, however, in higher dimensions than four, further conditions are needed for asymptotic 
flatness. 

We consider asymptotic behavior in next-to-leading order terms. The function C can be expanded as follows 

_ Ci{u,x^) A(u,a;^) C2(u,x^) €3(^,2;-^) 7/3. 

^ ~ ^372 ^ :p2 ' :;i/2 ^ ;:3 ^ty^/r [^^) 

The equations Rab — 0, which describes the evolution of C, becomes 

A 



-3/2 

r 

and then we see 



- + O(r-3/2)^0 (34) 

r 



-d-u = 0- 

At spatial infinity, asymptotic flatness requires that the Weyl tensor on spatial infinity behave like ~ in order 
for the Taub-NUT charge to vanish This implies that A vanishes at spatial infinity {u = —00). From Eq. ([55]) . A 
should vanish for asymptotic flatness at null infinity 

A = 0. (36) 
Then, from Eqs. ([9]), Q and (|8]), we can show that other metric functions can be expanded as follows 

V = r'^ + VAu.x^yl'^ - M(u, x^) + 0(l/ri/2)^ (37) 

B^{u,x'') B2{u,x^) B3{u,x^) 5 
^- -3 + -4 + — + <^(^/r), (38) 

. ^^^1^ + ^^^ig^ E^^l^ + o(l/r^/^). (39) 
Thus, boundary conditions at null infinity for asymptotic flatness are 

C - + + + Oil/ry% (40) 

and Eqs. dSZl), dSHD, dSnH- 

IV. ASYMPTOTIC SYMMETRY AT NULL INFINITY 

In this section, we consider asymptotic symmetry at null infinity. Asymptotic symmetry should be defined as 
transformations preserving the boundary conditions PO)) . (P7|. and ([5^1. By infinitesimal transformation ^, the 
metric is transformed as 

Sgab = 2V(,Cb). (41) 
To preserve the boundary conditions given in the previous section, the variation of metric, Sgab-, should satisfy 

Sgrr = , SgrA = , g'^^'SgAB = 0, (42) 
Sguu = 0(r-3/2) ^ gg^^ ^ 0(^-3) _ ^^^^ ^ 0(r-i/2) ^ ^^^^ ^ 0(ri/2). (43) 

Here, as a first step, we will consider leading order terms. 



Ua3 terms correspond to angular momentum. This can be seen from the comparison with the asymptotic behavior of Myers-Perry 
solutions I12II . 
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From Eq. (|42|) . we see that the components of infinitesimal transformation ^ must take the following forms: 

^r^f{u,x^)e^, (44) 
^Bg^"" - /^(«, x^) -fU^+ dr'e^lsg^^, (45) 



^« = - ^ {-U.B + ^cT^AB + &^ab) g^""- (46) 

The infinitesimal transformation ^ has four free parameters /, . / and corresponds to translations and Lorentz 
transformation, respectively. The other components of metric variation become 

59uu = |2?Ar,„ + ^(3/ + I?V),u + ^/ii°i/^,„C/Bi + 0(r~3/'), (47) 
5gur = i(I?A/-" + 3/,„) + ^/iW^^2?A2?B/ + 0(r-='), (48) 
5guA = r^h%J^^^ + ^-Va{31u + + r''^h%f^^^ + ^V^iV^f + 3/) + 0{r-^/'), (49) 



SgAB = —{--Dcfh^ + 3V(AfB)) + -{-V'fhfg + ZVaVbI) + TAB{u,x^y' + 0(r-i/2), (50) 

where X(^ab) (1/2) (^ab + Xba) for some tensor Xab and T^is is some traceless tensor with respect to h^AB- 
the above, we expanded the metric Hab as 



hAB = h% + 4j^h^^l + 0(r-5/2), (51) 



and = In the Bondi coordinate, h% and /i^^l are 



'10 

h% = I sin^ I (52) 
lO cos2( 



and 



Cii Diisinfl _D2iCos6' 

'iisinfl C21 sin^ Z?3isin0cos 
.D21COS9 Daisinflcosfl — (Cn + C21) cos^ 



AS = I -On sin 61 C21 sin^ 61 Dgi sin0 cos6' 1. (53) 



Note that h'-^l is traceless, h'-°^^^h^^l = 0. 

To satisfy the condition (|43|. we find that and / should satisfy the following equations: 

f^,u = 0, (54) 

VaJb + VbIa = -^^h^AB, (55) 

VaVbJ = IV'fhfg. (56) 
Integrating the trace part of Eq. ([55]) under the condition (IMl) , we obtain 

/ = -^F + a(x^), (57) 
where F :— VaJ^ and a(a;"^) is an arbitrary function of x"^. Here we can show from Eq. (1551) that F satisfies 

VaVbF - ^VFh^^l (58) 

and 

V^F + iF^Q. (59) 
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See Appendix B for the derivation. The general solution to these is given by 

F = Ex sin cos cj) + Ey sin 6 sin 4> + E^ cos 9 cos V' + -E^ cos 9 sin -0, (60) 
where Ex,Ey,Ez,Ew are constants. Then, from Eqs. (|56l) and (f57| . we see that 

= (61) 

holds. The solution to this is 

a — + ax sin 9 cos cf) + ay sin sin (j) + a^ cos cos tp + a^, cos sin -0, (62) 

where au,ax,ay,az, a^ are constants. As a summary the general solution for / is given by 

/ — Bu + ex{u) sm9 cos 4> + ey{u) sm9 sincf) + ez{u) cos9 cosTp + Cwiu) cos9 siri'ip, (63) 

where e„ := a„ is constant, ex{u) :— —{u/3)Ex + ax,ey{u) :~ —{u/3)Ey + ay,ez{u) :— —{u/3)Ez + a^ and e^(u) := 
— (u/3)i5iu + aw Now we can show that 

2?a(2?'/ + 3/) - 0, 9„(2?2/ + 3/) = (64) 
hold. Using the above equations, at a glance, we see that Eqs. become 

<5g„„ = 0(r-3/2), (g5) 

•^ff'- = ^^^^'^^""T^AVEf + 0{r-^), (66) 

^ffnA = 0(r-i/2), (67) 

Sqab - ^(-Pc/^/i^°]j + 3I?(A/s))+TAi3(w,a;^)ri/' + 0(r-i/2). (68) 

h'^^^^^VADsf in Eq. (|66|) vanishes because of VAVBf oc /i^^ and the trace-free property of h'^^^^^ . Noting that 

condition of ([55]) is rearranged as Va/b + T^BfA = (2/3)!?'" /c^^^' ^^"^ show 6gAB — 0{r^/'^). As a consequence, 
the transformation satisfying the conditions of Eqs. ((54)) . ((55|) and ((56)) does not disturb the boundary condition 
of Eqs. ((40)) . ((37)) . psp and ((39)) at leading order. By straightforward calculation, it can be shown that these 
transformations keep the metric satisfying the boundary conditions at next-to-leading order. 

Thus, asymptotic symmetry is generated by / and satisfying Eqs. ((M)) . ((55)) and ((55)) . The part of / not propor- 
tional to u generates a translation group. Since this part has only five degrees of freedom, there is no supertranslation 
freedom unlike in four dimensions generates a Lorentz transformation group, so asymptotic symmetry at null 

infinity in five dimensional space-time is a Poincare group which is semi-direct of a five dimensional transformation 
group and Lorentz group. 



V. SUMMARY AND DISCUSSION 



In this paper, we define asymptotic flatness at null infinity in five dimensional space-time by using the Bondi 
coordinates. In the conformal embedding method, we cannot show the smoothness of asymptotic structure at null 
infinity because the gravitational waves behave like $7^/^ ^ ^-3/2 j-^gg^j. jj^j]^ infinity and the regularity of gravitational 
fields at null infinity is not guaranteed in general in five dimensions. On the other hand, in the Bondi coordinates, 
we can show the robustness of the asymptotic structure at null infinity which is defined by boundary conditions of 
Eqs. ((40)). ((37)) . ((38)) and ((39)) . Solving Einstein equations under these boundary conditions, we find that total mass 
always decreases by gravitational waves as in four dimensions. In addition, we show that the asymptotic symmetry 
at null infinity would be a Poincare group in five dimensions. 

In four dimensions, asymptotic symmetry at null infinity is not a Poincare group. There are so called supertransla- 
tion freedoms, i.e., there are infinite dimensional translations. This supertranslation freedom comes from the freedom 



^ The fact that supertranslation freedom does not exist in higher dimensions is firstly pointed out in 0| by using conformal method in 
even dimensions. We show that in five dimensions using the Bondi coordinates. 
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of the Bondi coordinates. In the Bondi coordinates, coordinate transformation is described by the parameter /, in 
Eqs. (HU, ps)) and (|46p . which corresponds to a translation and Lorentz transformation, respectively. If = (pure 
translation) we may expect that / has only four independent solutions. In general, however, there are conditions that 
/ should be a functions on a 2-sphere and then / has functional freedom, i.e., infinite dimensional degrees of freedom. 
This infinite dimensional set, which has an Abelian group structure, is called a supertranslational group. 

In four dimensional Minkowski space-time without any physical perturbations, the term 0{r) of SgAB should vanish, 
and this condition reduces infinite dimensional supertranslation to four dimensional translation. In general, however, 
since gravitational waves contribute to gAB with 0{r) terms, which is the same order with metric variance, we 
cannot reduce supertranslation to translation. That is, we cannot distinguish the supertranslational ambiguity from 
gravitational waves. Thus the asymptotic symmetry at null infinity in four dimensions is not a Poincare group. 

On the other hand, as shown in this paper, in five dimensions, there is no supertranslational freedoms. This is 
because the behavior of gravitational waves in five dimensions is and this contributes to qab with 0(r^/^) 

terms. In asymptotically flat five dimensional space-time, the term of 0{r) in Sqab, which could be a contribution 
from the supertranslation, should vanish to maintain asymptotic flatness. This condition eliminates supertranslational 
freedom, and makes the asymptotic symmetry a Poincare group. Although we have only shown this feature in five 
dimensions, we expect that this feature would be common to the higher dimensional space-time in general, because 
gravitational waves in d > 4 dimensions decay l/r'^'^^^')/^ near null infinity faster than supertranslation 0{l/r). 

In four dimensions, since there are supertranslations, we cannot choose a preferred rotational axis. The definition of 
angular momentum at null infinity does not have a precise meaning. Supertranslations and gravitational waves both 
contribute to angular momentum change, and we cannot distinguish one from another. However, since there is no 
supertranslation in five dimensions, we can define total angular momentum at null infinity and observe the change of 
total angular momentum by gravitational waves. Furthermore, as we show the robustness of null infinity definition in 
five dimensions using the Bondi coordinates, it may be possible for us to redefine asymptotic flatness at null infinity 
using a conformal embedding method covariantly. This is left for future issue. 

Another remaining issue is the extension of our work to dimensions higher than seven. Using the Bondi coordinates, 
we have to go on step by step. It will be nice to have a systematic analysis for that. This is also our future work. 
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Appendix A: Einstein equation 

We write the components of an Einstein equation explicitly in the expansion form with 1/r. If for example, we 
expand function Ci{u, r, x^) such that 



Cr = + + (Al) 



The Einstein equation R00 — becomes 

_ Ali + o(^-3/2) = 0. (A2) 
2r 

That is, dA{u, x )/du = 0. InRef. 0, it was shown that from asymptotic fiatness at spatial infinity, A{u, x^)\u=-oo = 
0. From this fact and dA{u,x^)/du = 0, we find that A{u^x^) = on null infinity. We can show in the same way 
that the 0{r~^) term in C2, Di, D2, D3 should also vanish. 



Thus, function C is expanded as following 

C,{u,r,.^) = + ^"i"';^^ + ^''^Y^K oiiy/^) (A3) 

C, {u,r,.^) = ^''^""f^ + ^'f'^^^ + ^''^Y^K oiiy/^) (A4) 

i^^Kr,.^) = ^^^("'"•'^ + + ^^^("'"•'^ +0(1///^) (A6) 

D. iu^r,.-) = ^^^("'""^ + ""'ff^ + ""''^Y^K oa/ry^). (A7) 

ryr r^y/r r-' 

Then we find from the Einstein equation that the other metric function in (|4]) should be expanded as follows 

V = Vi{u, x^)yf? + Af(u, x^) + 0(l/ri/2) (A8) 

Now we can write down each component of the Einstein equation as follows: 
Rrr ~ 0: 

(8i?i + Cf, + C11C21 + C|i + Dj, + Di, + Dl,) 

--^ (32^2 + IOC11C12 + 5C12C21 + 5C11C22 + IOC21C22 

+10DnDi2 + IQD21D22 + 10i?3ii^32) + 0(r-i3/2) ^ q, (All) 



r0 



^ (2Cii cot 6* - 2C21 cot e - 4Cii tan 9 ~ 2C21 tan 6I 



Rrd> = 0: 



g^5/2 

- Wei +2D2i.,p sec 6* + 2Dn,<p esc 6* + 2Cii,e) 

— ^ (-IOC12 cot 61 + IOC22 cot + 2OC12 tan 9 + IOC22 tan 

+7C/e2 - 10i?22> sec - lODi2,0 esc 6 - 10Ci2,e) 
+ O(r-4) = 0, (A12) 



3 

'g~572 (^-Dii cos 6* - 2Dii sin 6* tan 6* - 5U^i sin^ 

+2D3i^^ tan 6* + 26*21,0 + '^Dn^g sin 0) 

(-20i:'i2cos6l + lOi:ii2sin6'tan6l + 7C/02 sin^ 6* 

-10Di2,e sin - 106*22,0 - 10L'32,v tan 0) 
+ O(r-4)^0, (A13) 



Rrip — 0: 



Ree = 0: 



RoA = 0: 



Re^ = 0: 



-R<A<A = 0: 
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3 

—TT^r (-2D21 cot 6* COS ^ + sin 9 + 5U^i cos^ 9 

+ 2Cii,^ + 2C2i,^ - 21)31,0 cot 9 - 2D2i,e cos 6') 

H ^ (- IOD22 cos 6* cot 6* + 201)22 sin 6 + 7Um cos^ 6* 

+ 10Ci2,^ + 10C22,v- - lO£'32,0Cot6' - 10£»22,ecos6') 
+ 0(r-9/2)=o, (A14) 



^ (-I3C11 -8i7eicot6» + 8Z70itan6i-4yi -8£)2i,v.sec6itan6» 



8r3/ 

- SU^i^^ - 8C/0i,0 - 4Cii,00 csc^ ^ - 4Cii,v;V' sec^ ^ 
+ 8Dii,0 cot 6* CSC 6* + 4Cii,0 cot 9 - 12Cii,e tan 9 
-86*21,0 tan 6* - 12;70i,e + 8021.04, sec 6* + SDn^e^ csc 6* 
+4Cii,ee - 8C2i,0 cot 9 - 8Ci2,„) 

+ J2 (<^i3,« - i'li-Dii.u - D2iD2i,u) + 0(r-5/2) = 0, (A15) 



1 , „ 
■2 (3Dii sin 9 — 4D3i,^ — 4D3i,^ tan 9 — 4_Dii,^^ sec 9 tan ( 



8r3/2 

- 4Cii,0 cot 9 - 8Cii,0 tan 61 - 46*21,0 cot 9 - 4C2i,0 tan 9 - 2Uei,,j, 
+ 41)21,,^^ sec 9 - 2U^ifi siv? 9 + tan + 4Cii,e0 

+46*21,90 -8£>i2,„ sin 61) 
3 sin ^ 

H — (^iiC*ii," + -DiiC2i,M + Cii£>ii,„ + 621-011, u 
-2I?i3,, + Z)3i^2i,« + I?2il)3i,«) + 0(r-^/') = 0, (A16) 



^^^3^2 (3^21 cos 6 + 46ii,^ cot 9 - 4621,^, cot 61 - 4621,^; tan 9 

- 2Uei,^ + 4£)3i,0 + 4£)3i,0 cot^ 9 + ADn^^^ csc 6 - 4£)2i,00 cot 6' csc 9 

- 2C/^i,0 cos^ e - 4621,9V + 4-031,90 cot 9 - 8-022,„ cos 6) 

(^2i6'2i,„ - £'3i£'ii,« + 62i£>2i,„ + -023,„ - £'ii£'3i,„) + 0{r-^/^) = 0, (A17) 



(— 16611 sin e + 3621 sin^ 9 - I2U01 cos 61 sin 61 + Wei sin^ 6I tan 6» - 4^1 sin 6 



8r3/ 



+ 8.02i,v sin^ — 8J70i,v sin^ 6 — 4621, i/,^ tan^ 9 + SDu^^cosO — 8Dii^^sm9ta,n6 
,2, 



— 12{70i,0sin ^ + 8.031,0V tan^ + 4621,00 + 86*11,9 cos ^ sin ^ — 4621,9 cos ^ sin ^ 
+ 4621,9 sin^ ^ tan 6* - SUeifi sin^ 9 + 8-Oii,90 sin 9 - 46*21,99 sin^ 6 - 8622,^ sin^ 6 ) 

-^1^ (623,„ - £'ii£>ii,„ - £'3i£'3i,«) + 6>(r-^/2) = 0, (A18) 



Refill = 0- 
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(4D31 cos^ 6' cot 6' + IID31 cos 6' sin 61 + 4D31 sin^ eta,n0 + SDn,^ cos 6 

+ ADii^^ sin 9 tan 9 — 2U^i^^ sin^ 9 — 4£)2i,0 cos 9 cot 9 — 8£'2i,<^ sin 9 
- 2U^i^^ cos^ e - 4Cii,^^ - 4£)3i,e cos^ 9 + ADsi^e sin^ 9 + 4£)ii,e^ sin 9 
+ 4021,04, ^ ~ D^ifie cos ^ sin ^ — 81)32, „ cos 9 sin ^) 

4^12" — (-^31(^11, « — -D2i-Dii,„ — -Diir>2i,u + C'li-Dsi.u + -Dss.u) 

+ O(r-5/2) = 0, 



(A19) 



Ipip 



—jj^ (-19Cii cos^ 9 - 3C21 cos^ 9 - 8U01 cos^ 6I cot 6I - 4Vi cos^ 9 + UUqi cos 9 sin 6 

+ 8£>2i,-!/' cos 9 cot 9 - 8Z)2i,i/, sin - 12U^\,^ cos^ ^ - 4Cii,^^ - 4C2i,^V' 

- 8Z)ii,,^ cos 9 - 8[/,^i,0 cos^ 9 + 8£>3i,^^ cot ^ + ACu,^,^, cot^ ^ + 4C2i,,^,^ cot^ 9 
+ 4Ciiecos2 6'cot6'- 12Cii^ e cos 9 sin 6* + 4021.9 cos^ 6* cot 6* — 4C21 e cos 6* sin 9 

- Weifi cos^ 9 + 8£)2i,ev' cos 6I + iCufie cos^ 6I + 8(Ci2,„ + C22,„) cos^ 9 ) 



+- 



3 cos^6> 
2r2 



(Ci3,« + C23,„ - 2£>ii£'ii,„ - £>2i£'2i,„ - D3iD3i,u) + 0{r-^'^) = 0, 



(A20) 



i?„e = 0: 



0: 



^-^(3Fi,„ + 2(cot6» - i&n9)Uei,u + 2Uei,u6 + Sf/^i,^^ + 2[/^i,„^) 
(3M,„ — (Cii,„)^ — Cii,„C2i,u — (C2i,u)^ — (-Dii,„)2 



(£'2i,„)'-(£'3i,„f ) + O(r-^/2) = 0, 



+ 



- (2Cn,„ cot 9 - 4Cii,„ tan 6* + 2C2i,„ cot 9 - 2C2i,„ tan 9 
- 5Uei,u + -D2i,uv sec ^-Dii,„0 esc 9 + 2Cii,„0) 
(-f^ei - 8f/^i,^ tan - iUei,^^ sec^ 61 + 8C/^i,^ cot 9 

- 4^Uei,4,4, csc^ 9 - 2Vi,0 + AU^i^^ + 4f7^i,0^ + 4(7i2,„ cot t 

- 8Ci2,„ tan 6* - 4C22,„ cot 9 - AC22,u tan 9 - UU02.U 

+ 4D22,u sec 9 + 4Di2,„ esc 9 + 4Ci2,„ ) + ©(r"^) = 



-^(4Dii,„cos^ — 2Dii,u sin tan ^ — 5C/0i,„ sin^ 9 + 2D3i,„^ tan^ 

-2C2i,u4> + '2Dii^ue sin( 



+ 



^^^/j (15?70i,^^ sin^ 9 - 4C/0i,^;^; tan^ 9 - 4U0i,4,cot9 - AUei,^, tan 6* 

— 2 Vi^0 + iU^i^fj^p — 12U(j,i,o cos 6* sin ^^ + W^^^^g siv? 9 tan 
+ 4t/0i,e0 - 4:1/43,00 sin^ 6* + -Di2,„e sin 6* - 4£)i2,« sin 6* tan 6* - 14C/^2,« sin^ 9 
+ 4£'32,«v tan6» + 4C22,„,^ + 4£>i2,„9 sin 6*) + 0{r-^) = 0, 



(A21) 



(A22) 



(A23) 
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■uip 



: (2iD2i,n COS 9 cot 6 — 4£)2i.« sin 6 — 5C/^i_„ cos^ 9 



47-3/2 ' 

~ 2Cii^„^ — 2C2i,M^ + 2D^i^u^ cot + 21)21,119 cos 0) 
+ (l5[/^i cos^ 61 + 4J7ei^V' cot 9 + 4f7ei,v, tan 6 - 2Vu^ 

+ 4C/03,</„/j — 4f7,/,i,00 cot^ — 4[/^i^^ cos^ 6* cot 6* + \2U^i^e cos sin 9 
+ 4C/ei,eV) ~ 81^22, u sin 9 - IW^2m cos^ 9 - 4Ci2,„^ ~ 4C22,«V' 

+ 41^32, „0 cot 9 + 4:D22,ue cos 9 ) 
+ 0(r-3) = 0. (A24) 

Appendix B: Derivation for Eqs. (|58|) and ^ 



Here we sketch the derivation for Eqs. (155)) and ([5^ . We begin with 

VbVaF = VBVAVcf - VeiVcVAf -'^^'^RAcf) 

- -VbVcV^ fA-2VAVBduf -2VBfA, (Bl) 

where -Rab is the Ricci tensor with respect to h^^B ■ second and last line, we used the definition of Riemann 

tensor and Eq. ([551) , respectively. We also used the fact that that Riemann tensor with respect to /i^^ is ^^^Rabcd — 

^ac^b]d ~ ^AD^BC- Using the definition of Riemann tensor two times, the first term in the last line of the right-hand 
side becomes 

VeVcV^/a = VcVBV^fA-2VBfA + h%Vcf^-VAfB 

= V^VBfA + 2hfgVcf^ -2{VAfB+VBfA)- (B2) 

Substituting this into Eq. (jBll) and using the symmetry of indices A and B, we have 



VbVaF = i 



-V'iVAfB + VbIa) - 4.hfgF + 2{VAfB + VbJa) - 4:VAVBduf 
Then, using Eq. (|55p and f^u — ^(l/3)-F, we obtain 

.^r^AB- ' 3 -^^^ . 3 



(B3) 



VbVaF = -r^h%V^F - -h%F + ^VaVbF (B4) 



The trace part implies 

2?2F + 3F = 0. (B5) 

Using this, Eq. (jB4l) becomes 

1, 
3' 



VaVbF = ^V^Fh%. (B6) 
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